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ABSTRACT
Owing to the properties of joint time-frequency analysis that compress energy and approximately decorrelate
temporal redundancies in sequential data, filterbank and wavelets are popular and convenient platforms for
statistical signal modeling. Motivated by the prior knowledge and empirical studies, much of the emphasis in
signal processing has been placed on the choice of the prior distribution for these transform coefficients. In this
paradigm however, the issues pertaining to the loss of information due to measurement noise are difficult to
reconcile because the effects of point-wise signal-dependent noise permeate across scale and through multiple
coefficients. In this work, we show how a general class of signal-dependent noise can be characterized to an
arbitrary precision in a Haar filterbank representation, and the corresponding maximum a posteriori estimate
for the underlying signal is developed. Moreover, the structure of noise in the transform domain admits a variant
of Stein’s unbiased estimate of risk conducive to processing the corrupted signal in the transform domain. We
discuss estimators involving Poisson process, a situation that arises often in real-world applications such as
communication, signal processing, and imaging.

1. INTRODUCTION
Let f : [0, 1] → R. Regression problems often take a flavor of estimating the unknown f given its noisy observation
g : {0, . . . , N − 1} → R on an equispaced grid:

gi = f(i/N) + ni, (1)

where N ∈ Z+ is the number of observations, i ∈ {0, . . . , N − 1} is the time index, and n : {0, . . . , N − 1} → R

is a zero-mean noise. Suppose we adopt a Bayesian statistics point of view; that is, we model the signal in
terms of the prior probability distribution of the latent variable (p(f)) and the likelihood of the observation
conditioned on the latent variable (p(g|f)). Bayesian statistical estimation and inference techniques make use
of the posterior probability, or the probability of the latent variable conditioned on the observation (p(f |g)),
which is proportional to the product of the prior probability distribution of the latent variable and the likelihood
function. Motivated by the prior knowledge and empirical studies, statistical modeling of the latent variable in
the linear transform domain has enjoyed tremendous popularity, and much of the emphasis has been placed on
the choice of the prior distribution for the transform coefficients.1–5 In this paradigm, the special case of (1)
in which ni|f = ni

i.i.d.
∼ N (0, σ2) is studied almost exclusively because the posterior distribution of transform

coefficients is readily accessible when the likelihood function has a closed form in the transform domain.

The assumption that the noise in (1) is additive white Gaussian noise (AWGN), however, is inadequate for
many real-world applications because the measurement noise is often dependent on the rangespace of f(·). For
example, studies suggest that the number of electrons or photons encountered in a sensor during an integration
period (duration between transistor resets) is a Poisson process P :6

p(gi|f(i/N)) =
e−f(i/N)f(i/N)gi

gi!
,
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where f(i/N) is the expected electron/photon count per integration period at time i, which is linear with respect
to the electric current or the intensity of the light. Note E[gi|f(i/N)] = f(i/N) and E

[
g2

i −E[gi|f(i/N)]2
∣∣∣f(i/N)

]
=

f(i/N). Then, as the integration period increases, p(gi|f(i/N)) converges weakly to N (f(i/N), f(i/N)), or

gi ≈ f(i/N) +
√

f(i/N)εi (2)

where εi
i.i.d.
∼ N (0, 1) is independent of f(i/N). This type of noise is difficult to reconcile in a linear transform

domain because the effects of signal-dependent noise permeate through multiple coefficients.

Suppose we consider a more general class of observation model such that the conditional variance of gi|f is
a function of its conditional mean, E[gi|f(i/N)]. That is, we let ni|f

i.i.d.
∼ N (0, h(f(i/N))2), and (1) is rewritten

as

gi = f(i/N) + h(f(i/N))εi, (3)

where εi
i.i.d.
∼ N (0, 1) and h : R → R is the standard deviation of noise as a function of f . The above will

be referred to as the point-wise signal-dependent noise model, and it embodies AWGN, Poisson process, etc.
In reality, however, efforts to address signal-dependent noise in (3) lag behind those of algorithms that assume
AWGN. A standard technique for working with signal-dependent noise is to apply an invertible nonlinear operator
γ(·) on gi such that signal and noise are (approximately) decoupled. That is,

γ(gi)|γ(f(i/N)) i.i.d.
∼ N (γ(f(i/N)), 1).

Homomorphic filtering is one such operator designed with monotonically-increasing nonlinear point-wise function
γ : R → R.7 The Haar-Fisz transform γ : Z×R → Z×R is a multiscale method that asymptotically decorrelates
signal and noise.8, 9 In any case, a signal estimation technique (assuming AWGN with unit variance) is used to
estimate γ(f(i/N)) given γ(gi), and the inverse transform γ−1(·) yields an estimate of f(i/N). The advantage of
this approach is the modularity of the design of γ(·) and the estimator. The disadvantage is that the signal model
assumed for f no longer holds true for γ(f) in general; and the optimality of the estimator (e.g. minimum mean
squared error estimator) in the new domain does not translate to optimality in the rangespace of f , especially
when γ(·) significantly deviates from linearity.

Alternatively, sufficient smoothness in f(·) and h(·) implies slowly changing noise variance, h(f(·))2. This
motivates the local AWGN model, where noise variance is approximated with a constant within a moving window,
and we apply a signal estimation method designed for AWGN to estimate f(·) within this window.10 The process
of estimating h(f(·))2 empirically is effectively equivalent to signal denoising, however, because the noise variance
h(f(·))2 is tightly coupled with the signal f(·). As such, the initial estimate of f(·) is sought by resorting to
heuristic techniques in order to estimate h(f(·))2. Moreover, this approach is not robust to the singularities in f(·)
since the constant variance approximation no longer suffices. The signal and the noise become less discernable in
the presence of signal features such as steps, edges, or textures (in image signals), often resulting in oversmoothed
or undersmoothed estimates. Finally, there is an inherent inconsistency in assuming that h(f(·))2 is piece-wise
constant because it is equivalent to accepting that f(·) is piece-wise constant.

In this paper, we show how a point-wise signal-dependent noise model with K-times differentiable function
h(·) everywhere has an efficient representation in the Haar filterbank domain (a.k.a. Hadamard transform)
with precision up to the K-th moment. Although it is more difficult to achieve the localization of frequency
components with Haar filterbank when compared to the other filterbank and wavelet transforms, it has the
advantage that the likelihood function can be encoded in the transform domain with asymptotic accuracy. The
posterior distribution of the latent variables is readily accessible because the prior and the likelihood are both
prescribed in the transform domain, suggesting a direct manipulation of the corrupted coefficients.

Two such design strategies are explored here. First, a maximum a posteriori estimator of the noise free
coefficients naturally stems from the posterior distribution analysis. We propose to use Levenberg-Marquardt
algorithm to solve for the optimal point, and the corresponding Jacobian matrix is derived. Second, the structure
of noise in the transform domain admits a variant of Stein’s unbiased estimate of risk conducive to transform-based



processing a signal corrupted by signal-dependent noise model.11–13 We motivate and analyze two parametric
estimators for the noise free coefficients.

This paper is organized as follows. Haar filterbank transform is reviewed in Section 2, and an inherent abelian
group structure of the analysis functions is examined. Asymptotic representation of the interplay between signal
and noise is derived in Section 3, and a discussion on the statistical interpretation of the model and corresponding
estimation techniques follows in Section 4 before making concluding remarks in section 5.

2. THE HAAR FILTERBANK TRANSFORM
Let N be a power of 2, f = (f(0/N), f(1/N), . . . , f((N −1)/N))T . Let W ∈ R

N×N , Wf be a linear orthogonal
transform. In the case of Haar filterbank transform (HFT), we have

W = W0 ⊗ · · · ⊗W0︸ ︷︷ ︸
log2(N) times

,

where ⊗ is a Kronecker product, and

W0 =
[
1 1
1 −1

]
.

Note that W−1 = W /N and W = W T , and ±1 comprises all entries of W . Let wj ∈ {±1}N be the jth
column of W , G = {wj|∀j} be a set of all columns of W , and N2 = log2 N . Define the point-wise multiplication
operator ⊙ as,

wj ⊙wj′ = diag(wj)wj′ = diag(wj′)wj .

Then we show that (G,⊙) is an abelian group with some desirable properties.

Proposition 2.1 (abelian group)
Define G = {wj |∀j} be a set where wj is the jth column of HFT matrix W ∈ R

N2×N2 , and ⊙ is a point-wise
multiplication of a vector. Then (G,⊙) is an abelian group that is isomorphic to the quotient group {Z/2Z}N2

under addition.

Proof. Recall that the point-wise multiplication ⊙ is commutative. Hence forth, let the column index be
represented using binary number j = (j1, . . . , jN2)T ∈ {Z/2Z}N2, and let j+ j′ = (j1 + j′1, . . . jN2 + j′N2

)T . From
the definition of W ,

wj =
[

1
(−1)jN2

]
⊗ · · · ⊗

[
1

(−1)j2

]
⊗

[
1

(−1)j1

]
.

Then the following fact emerges:

wj ⊙wj′ = diag(wj)wj′

=
{[

1 0
0 (−1)jN2

]
⊗ diag

([
1

(−1)jN2−1

]
⊗ · · · ⊗

[
1

(−1)j1

])}
wj′

=
[

1
(−1)jN2+j′N2

]
⊗

{
diag

([
1

(−1)jN2−1

]
⊗ · · · ⊗

[
1

(−1)j1

]) ([
1

(−1)j′N2−1

]
⊗ · · · ⊗

[
1

(−1)j′1

])}
.

By recursion,

wj ⊙wj′ =
[

1
(−1)jN2+j′N2

]
⊗ · · · ⊗

[
1

(−1)j1+j′1

]

= wj+j′ .



This result immediately satisfies the axioms necessary to establish that (G,⊙) is an abelian group (closure,
associativity, identity element, inverse element). The bijective map π : G → {Z/2Z}N2, π(wj) = j is a group
isomorphism from (G,⊙) to ({Z/2Z}N2, +) because

π(wj +wj′) = π(wj+j′)
= j + j′

= π(wj) + π(wj′)

Corollary 2.2 (commutativity)
Let W ∈ R

N2×N2 be HFT matrix, and wj is its jth column as before. Then

W diag(wj) = PjW , (4)

where Pj is a permutation matrix whose (k, ℓ)th element is [Pj ]k,ℓ = δ
(
b(k), b(ℓ) + j

)
, b : {0, . . . , N − 1} →

{Z/2Z}N2, b(k) is the binary equivalent of the number k, and δ is the Kronecker delta function.

Proof. Recall W is symmetric.

W diag(wj) =



wT

b(0)

...
wT

b(N)


 diag(wj)

=




(wb(0) ⊗wj)T

...
(wb(N) ⊗wj)T


 .

From Proposition 2.1,

W diag(wj) =



wT

b(0)+j

...
wT

b(N)+j




=




δ
(
b(0), b(0) + j

)
δ
(
b(1), b(0) + j

)
. . . δ

(
b(N), b(0) + j

)

...
...

...
δ
(
b(0), b(N) + j

)
δ
(
b(1), b(N) + j

)
. . . δ

(
b(N), b(N) + j

)


W

= PjW

Note also that P0 is an identity matrix.

3. TAYLOR EXPANSION OF NOISE MODEL
Recall (3) and, acknowledging the abuse of notation, let h(f) indicate an element-wise operation of h(·) : R → R

on f . Then the vectorized version of (3) is

g =f + diag(h(f))ε,

where g = (g0, g1, . . . , gN−1)T is the observation, and ε = (ε0, . . . , εN−1)T is the noise. Let x = Wf be the ideal
filterbank coefficients, and y = Wg is the observed coefficients. Recall the inverse transform:

f = (1/N)W Tx = (1/N)
∑

j

wjxj .



The classical interpretation is that fa = w0(x0/N) = (1/N)(x0, . . . , x0)T is the ‘approximation’ of f , where x0

is the lowest frequency component of x corresponding to w0 = (1, . . . , 1)T (commonly referred to as the scaling
coefficient). Assuming sufficient smoothness, we expand h(f) via the Taylor series about fa

g = f + diag
(
h(fa) + h′(fa)(f − fa) + (1/2)h′′(fa)(f − fa)2 + . . .

)
ε

= f + diag
(
h(x0/N)w0 + h′(x0/N)(fd) + (1/2)h′′(x0/N)(fd)2 + . . .

)
ε,

where h′(f) = dh/df , h′′(f) = d2h/df2, etc., and fd = f − fa is often regarded as the ‘detail’ of f because it is
a linear combination of the higher frequency coefficients of x only:

fd = f − fa = (1/N)
∑

j 6=0

wjxj .

Using the Taylor series representation, the HFT of the observed signal g is:

y = Wg

= x+W diag
(
h(x0/N)w0 + h′(x0/N)(fd) + (1/2)h′′(x0/N)(fd)2 + . . .

)
ε

= x+W diag


h(x0/N)w0 +

h′(x0/N)
N

∑

j 6=0

wjxj +
h′′(x0/N)

2N2

∑

j,j′ 6=0

(xjxj′)(wj ⊙wj′) + . . .


 ε.

The commutative property of the matrix W in Corollary 2.2 yields

y = x+ h(x0/N)Wε+
h′(x0/N)

N

∑

j 6=0

xjW diag(wj)ε+
h′′(x0/N)

2N2

∑

j,j′ 6=0

(xjxj′)W diag(wj ⊙wj′)ε+ . . .

= x+ h(x0/N)ε̃+
h′(x0/N)

N

∑

j 6=0

xjPj ε̃+
h′′(x0/N)

2N2

∑

j,j′ 6=0

(xjxj′)Pj+j′ ε̃+ . . .

= x+M(x)ε̃, (5)

where ε̃ = Wε, and M(x) is a polynomial matrix of x:

M(x) = W diag(h(f))W−1 (6)

= h(x0/N)P0 +
h′(x0/N)

N

∑

j 6=0

xjPj +
h′′(x0/N)

2N2

∑

j,j′ 6=0

(xjxj′)Pj+j′ + . . .

= lim
K→∞

K∑

k=0

h(k)(x0/N)
k!Nk

M̃(x)k, (7)

where h(k)(·) = dkh(f)/dfk and

M̃(x) =
∑

j 6=0

xjPj .

Note that M(x) is symmetric, as

P T
j = [W diag(wj)W−1]T

= W−T diag(wj)W T

= W diag(wj)W−1 = Pj .

The significance of (5) is that because W is orthogonal, the noise component ε̃ = Wε is now independent:
ε̃j

i.i.d
∼ N (0, N). The interaction between the signal and the noise in (5) is an asymptotically accurate character-

ization of (3) in HFT domain when the Taylor expansion is carried out to infinity. In fact, if h(k)(·) = 0 for all



k > K, then (3) has an exact closed-form expression in (5). We managed to largely bypass the nonlinear function
h(·) in (5) because y is now a polynomial function of x, and this admits a direct manipulation of y as we shall
see in the sections to follow. In practice, M(x) is approximated to the Kth order accuracy by taking the first
K polynomial terms in (7) only (hereafter referred to as MK(x)). In fact, the existing practice of local AWGN
modeling (as described in Section 1) is the zeroth order expansion in (7) (i.e. M(x) ≈ h(x0/N)P0). However,
the model in (5) suggests that we can achieve a higher degree of accuracy.

4. STATISTICAL ANALYSIS AND ESTIMATION TECHNIQUES
4.1. Covariance Matrix Estimation
Equation (5) implies a useful relationship between the covariance matrices of y and x. Recall ε̃ ∼ N (0, NI) and
assume that µ = E[x] = (µ0, 0, . . . , 0)T , where µ0 is known. Then E[y] = E[x+M(x)ε̃] = µ and

Cov(y) = E[yyT ] − µµT

= E[(x+M(x)ε̃)(x+M(x)ε̃)T ] − µµT

= E[xxT ] + E[xε̃TM(x)T ] + E[M(x)ε̃xT ] + E[M(x)ε̃ε̃TM(x)T ] − µµT

= E[xxT ] + E[M(x)E[ε̃ε̃T |x]M(x)T ] − µµT

= E[xxT ] + NE[M(x)M(x)T ] − µµT

= Cov(x) + NE[M(x)M(x)T ].

As a side-note, an interesting feature of the above is that x and M(x)ε̃ are uncorrelated. Furthermore, suppose
we restrict our attention to Poisson process in (2), i.e. h(f(i/N)) =

√
f(i/N). Then we have the following

relationship, which will be exploited in the later sections.

Proposition 4.1 Let W be the HFT matrix, h(f) = f1/2, and

M(x) = W diag(h(W−1x))W−1.

If y = x+M(x)ǫ̃ then

E[M(x)M(x)T ] = E[M(y)M(y)T ].

Proof.

E[M(y)M(y)T ] = E[W diag(h(W−1y))W−1W diag(h(W−1y))W−1]

= E[W diag(h(g))W−1W diag(h(g))W−1]

= E[W diag(g)W−1]

= E[W diag(f + h(f)ǫ)W−1]

= W diag(E[f ] + E[h(f)ǫ])W−1

= W diag(E[f ])W−1

= E[W diag(h(f))W−1W diag(h(f))W−1]

= E[M(x)M(x)T ].

From above, it follows that an estimate of Cov(x) conditioned on Cov(y) and E[M(y)M(y)T ] is

Cov(y) − NE[M(y)M(y)T ] = Cov(x).



Alternatively, suppose we consider the first order approximation to M(x), i.e. M(x) ≈M1(x). Then

Cov(y) ≈ Cov(x) + NE[M1(x)M1(x)T ]

= Cov(x) + NE




h(x0/N)P0 +

h′(x0/N)
N

∑

j 6=0

xjPj





h(x0/N)P0 +

h′(x0/N)
N

∑

j 6=0

xjPj







= Cov(x) + NE


h(x0/N)2P0 + 2

h(x0/N)h′(x0/N)
N


∑

j 6=0

xjPj


 +

h′(x0/N)2

N2


 ∑

j,j′ 6=0

xjxj′Pj+j′







= Cov(x) + Nh(µ0/N)2P0 +
∑

j,j′ 6=0

h′(µ0/N)2

N
σjj′Pj+j′

where σjj′ = E[xjxj′ ]. In the last step, we assumed that x0 is uncorrelated with xj 6=0, and E[h(x0/N)] =
h(µ0/N) and E[h′(x0/N)] = h′(µ0/N) (this is a common practice in signal processing). The covariance matrix
Cov(y) is hence an invertible linear transformation of Cov(x), and given an estimate of the former, the latter is
readily accessible.

4.2. Likelihood Function and Maximum A Posteriori Estimator
Recall that the posterior probability is proportional to the product of the prior and the likelihood. The pos-
terior distribution of the filterbank coefficients x is readily accessible when the prior and likelihood are both
prescribed in the HFT domain. Here, we detail the likelihood function p(y|x) as deduced from (5), and derive
the corresponding maximum a posteriori (MAP) estimator.

Hierarchically, (5) can be rewritten as:

y|x
i.i.d
∼ N

(
x, NM(x)M(x)T

)

because

E[y|x] = x+M(x)E[ε̃|x] = x

Cov(y|x) = E
[
(y − E[y|x])(y − E[y|x])T

∣∣∣x
]

= M(x)E
[
ε̃ε̃T

∣∣∣x
]
M(x)T

= NM(x)M(x)T

Thus the likelihood of y conditioned on x is:

p(y|x) =
1

(2π)N/2|NM(x)M(x)T |1/2
exp

(
−

(y − x)T (M(x)M(x)T )−1(y − x)
2N

)
.

Given the choice of the prior p(x), the posterior distribution of x conditioned on y is:

p(x|y) =
p(y|x)p(x)

p(y)

=
p(x)/p(y)

(2π)N/2|NM(x)M(x)T |1/2
exp

(
−

(y − x)T (M(x)M(x)T )−1(y − x)
2N

)
,

where the marginal likelihood of y is

p(y) =
∫

p(y|x)p(x)dx

=
∫

p(x)
(2π)N/2|NM(x)M(x)T |1/2

exp
(
−

(y − x)T (M(x)M(x)T )−1(y − x)
2N

)
dx.



Based on the posterior probability distribution, new techniques for statistical inference and estimation can be
developed. For example, the standard form of MAP estimator is:

x̂ = arg max
x

p(x|y)

= arg max
x

p(y|x)p(x)

= arg max
x

log p(y|x) + log p(x),

where

log p(y|x) = −(N/2) log(2π) − (1/2) log |NM(x)M(x)T | −
(y − x)T (M(x)M(x)T )−1(y − x)

2N
.

Below, we solve for the optimal x iteratively using the Levenberg-Marquardt algorithm.14–16 Given the current
estimate x̂old, the next iterate estimate is defined in terms of the increment x̃:

x̂new = x̂old + x̃.

The increment is specified as:

x̃ = (JTJ + λI)−1JT
[

log p(y|x̂old) + log p(x̂old)
]
,

where λ is a parameter and J is the Jacobian of log p(x|y) evaluated at x̂old:

J =
[

d log p(x|y)
dxb(0)

. . . d log p(x|y)
dxb(N)

]
x=x̂old

d log p(x|y)
dxj

=
d log p(y|x)

dxj

+
d log p(x)

dxj

.

To compute the derivative d log p(y|x)
dxj

explicitly, following quantities are needed:

d log |NM(x)M(x)T |

dxj

= −2Tr
[
M(x)−1 dM(x)

dxj

]
,

where

dM(x)
dxj

=
h′(x0/N)

N
Pj +

h′′(x0/N)
N2

∑

j′ 6=0

xj′Pj+j′ + . . . ,

and

d(y − x)T (M(x)M(x)T )−1(y − x)
dxj

= 2eT
j (M(x)M(x)T )−1(y − x) − 2(y − x)TM(x)−1 dM(x)T

dxj

(M(x)M(x)T )−1(y − x),

where j 6= 0 and ej is a standard basis. Combined with the first derivative of the prior p(x), the MAP estimator
is straightforward.

4.3. Optimal Parametric Estimator Selection for Poisson Process
Owing partly to Stein’s contributions to estimation theories, parametric estimators are widely popular.17–20 The
celebrated result of Stein’s unbiased risk estimate (SURE) for a function f(·) states that given a noisy observation
g|f

i.i.d.
∼ N (f(i/N), 1), the mean squared error of a parametric estimator f̂θ(g) = g+φθ(g) can be estimated as:

E
[
‖f − f̂θ(g)‖2

∣∣∣f
]

= N + E
[
‖φθ(g)‖2 + 2∇g · φθ(g)

∣∣∣f
]
, (8)



where ∇g ·φθ(g) =
∑

i
d

dgi
φθ,i and φθ = (φθ,0, . . . , φθ,N )T (equation (8) is equally applicable for non-parametric

estimators). The optimal choice of parameters θ for parameterized estimators therefore minimizes the risk in
(8):

θ̂ = arg min
θ

N + E
[
‖φθ(g)‖2 + 2∇g · φθ(g)

∣∣∣f
]
. (9)

The obvious advantage to this approach is that θ can be adapted to f even when its smoothness is unknown.18
A more general form of (8) is developed by Martin et al.21

Given a more complicated noise model such as the ones in (2) and (3), however, the risk in (8) is no longer
applicable.22, 23 In this section we limit our attention to Poisson process only, and work with (5) to produce a
variant to (8) that is amenable to processing in the HFT domain.

Corollary 4.2 (modified SURE) Suppose gi|fi
i.i.d.
∼ P(fi), and x = Wf , y = Wg. Let x̂θ(y) = y + ψθ(y) be

a weakly differentiable parametric estimator of x such that dψθ(y)/dy is a constant. Then the expected risk is:

E
[
‖x− x̂θ(y)‖2

∣∣∣x
]

= Tr

(
E

[
M(y)M(y)

∣∣∣x
](

NI +
2
N

dψθ(y)
dy

))
+ E

[
ψθ(y)Tψθ(y)

∣∣∣x
]
,

where M(x) is as defined in (6).

Proof. The mean squared error can be rewritten as:

E
[
‖x− x̂θ(y)‖2

∣∣∣x
]

= E
[
‖x− (y +ψθ(y))‖2

∣∣∣x
]

= E
[
‖M(x)ε̃+ψθ(y)‖2

∣∣∣x
]

= E
[
ε̃TM(x)TM(x)ε̃+ 2ε̃TMT (x)ψθ(y) +ψθ(y)Tψθ(y)

∣∣∣x
]

= NTr
(
E

[
M(x)M(x)

∣∣∣x
])

+ 2E
[
ε̃TMT (x)ψθ(y)

∣∣∣x
]

+ E
[
ψθ(y)Tψθ(y)

∣∣∣x
]

(10)

The first term NTr(M(x)M(x)) is not dependent on θ. To reconcile the second term, E
[
ε̃TMT (x)ψθ(y)

∣∣∣x
]
,

we borrow the following result from Stein:

E
[
ε̃Tηθ(ε̃)

∣∣∣x
]

=
1
N

E
[
∇ε̃ · ηθ(ε̃)

∣∣∣x
]
,

where ηθ : R
N → R

N is a weakly differentiable function and ε̃
i.i.d.
∼ N (0, N) as before. Suppose we set ηθ(ε̃) =

M(x)Tψθ(x+M(x)ε̃). Then using chain rule:

E
[
ε̃TMT (x)ψθ(y)

∣∣∣x
]

= E
[
ε̃Tηθ(ε̃)

∣∣x
]

=
1
N

E


∑

j

d

dε̃j

ηθj(ε̃)

∣∣∣∣∣∣
x




=
1
N

E


∑

j

(
dηθj(ε̃)
dψθ(y)

) (
dψθ(y)

dy

) (
dy

dε̃j

)∣∣∣∣∣∣
x




=
1
N

E


∑

j

eT
j M(x)T

(
dψθ(y)

dy

)
M(x)ej

∣∣∣∣∣∣
x


 ,



where ej is a standard basis. Recall that dψθ(y)/dy is a constant. From the definition of matrix trace,

E
[
ε̃TMT (x)ψθ(y)

∣∣∣x
]

=
1
N

E

[
Tr

(
M(x)T

(
dψθ(y)

dy

)
M(x)

)∣∣∣∣x
]

=
1
N

Tr
(

E
[
M(x)TM(x)

∣∣x
] dψθ(y)

dy

)
,

where we exploited a property of matrix trace above. Proposition 4.1 shows that E[M(x)M(x)|x] = E[M(y)M(y)|x]
and thus (10) is rewritten as

E
[
‖x− x̂θ(y)‖2

∣∣∣x
]

= NTr
(
E

[
M(y)M(y)

∣∣∣x
])

+
2
N

Tr
(

E
[
M(y)M(y)

∣∣∣x
]dψθ(y)

dy

)
+ E

[
ψθ(y)Tψθ(y)

∣∣∣x
]
.

Suppose {yi} is the set of all independent observations, where yi = xi +M(xi)ε̃i; that is, we make multiple
observation of y as is often the case with filterbank structures. Then the choice of parameter θ for the estimator
x̂θ that minimizes the mean squared error risk E

[∑
i ‖x

i − x̂θ(yi)‖2
∣∣∣x

]
is:

θ̂ = arg min
θ

∑

i

2
N

Tr
(
M(yi)M(yi)

dψθ(y)
dy

)
+ψθ(yi)Tψθ(yi).

We remind the readers also that by Parseval, E
[
‖x− x̂‖2

∣∣∣x
]

= NE
[
‖f − f̂‖2

∣∣∣f
]
.

Example Estimators

Below, we examine two example estimators. First is the soft-thresholding method proposed by Donoho,18 which
was originally intended to estimate signals corrupted by AWGN but we evaluate its performance for Poisson
process. Let x̂i

0 = yi
0, and for j 6= 0

{x̂θ}j(yi
j) = sgn(yi

j)(|yi
j | − τj)+. (11)

Let τ = (τ0, . . . , τb(N))T where τ0 = 0. The multivariate interpretation of the above is:

x̂θ(yi) = yi − Λiyi − (I − Λi) diag(sgn(yi))τ ,

where Λi = diag(λi), λi = (λi
0, . . . , λ

i
b(N))

T , and

λi
j =

{
0 |yi

j | > τj

1 |yi
j | ≤ τj

.

Thus the thresholds are the parameters (i.e. θ = {τb(1), . . . , τb(N)}), and

ψθ(yi) = −Λiyi − (I − Λi) diag(sgn(yi))τ
dψθ(yi)

dyi
= −Λi.

Second, given the interplay between the signal and the noise as characterized by (5), a large coefficient
xi

j increases the overall noise variance. Suppose we propose the following alternative to (11) that scales the
thresholds linearly according to the magnitude of the observed coefficients. In order to estimate xi

j 6=0, we isolate
the roles of yi

0, yi
j, and yi

j′ 6=j because they each contribute to the composition of yi
j in a different manner:

{x̂θ}j(yi) = sgn(yi
j)

(
|yi

j | − α|yi
j | − β

∑

j′ 6={j,0}

|yi
j′ | − κ|yi

0| − τj

)
+

,



where θ = {α, β, κ, τ}. Its multivariate counterpart is:

x̂θ(yi) = yi +ψθ(yi)

ψθ(yi) = −Λiyi − (I − Λi)Ω


αyi + βsgn(yi)

( ∑

j 6=j,0

|yi
j |

)
+ κ|y0|sgn(yi) + τ




dψθ(yi)
dyi

= −Λi − (I − Λi)Ω
(

(α − β)I + βsgn(yi)sgn(yi)T + (κ − β)sgn(yi)[sgn(y0), 0, . . . , 0]
)

,

where Ω = diag(0, 1, . . . , 1), λ0 = 0, and for j 6= 0,

λi
j =





0 |yi
j | >

βj

∑
j′ 6=j,0 |yi

j′
|+κ|y0|+τj

1−αj

1 |yi
j | ≤

βj

∑
j′ 6=j,0 |yi

j′
|+κ|y0|+τj

1−αj

.

In either soft-threshold schemes ψθ(·) proposed above, the following quantity is the corresponding transform-
based unbiased estimate of the risk in the mean squared error sense for Poisson process:

SURE(θ;y) =
∑

i

−
2
N

Tr
(
M(yi)M(yi)

dψθ(yi)
dyi

)
+ψθ(yi)Tψθ(yi).

Practical implementation of the above requires an approximationM(yi) ≈MK(yi) by carrying out the following
recursion from k = 1 through K:

M̃k(yi) =
3/2 − k

y0k
M̃ (yi)M̃k−1(yi)

Mk(yi) = Mk−1(yi) + M̃k(yi)

where M̃0(yi) = M0(yi) = (y0/N)1/2I is used for initial values.

5. CONCLUSION
This paper addressed the Haar filterbank transform domain modeling of point-wise signal-dependent noise, a
difficult task to reconcile when the measurement error is made in the time domain. A signal gi corrupted by noise
h(fi)εi has an efficient representation in the transform domain when h(·) is a K-times differentiable function,
admitting a form of likelihood function that can be encoded in the transform domain with asymptotic accuracy.
The posterior distribution of these filterbank coefficients is readily accessible because the prior and the likelihood
are both prescribed in the transform domain, and the maximum a posteriori estimator naturally stems from
such analysis. Moreover, the structure of noise in the transform domain admits a variant of Stein’s unbiased
estimate of risk conducive to transform-based processing of a signal corrupted by signal-dependent noise.
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