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ABSTRACT

In this paper, we present a method for removing noise frortadig
images corrupted with additive, multiplicative, and mixsadise.

An image patch from an ideal image is modeled as a linear com-

bination of image patches from the noisy image. We propo§ié to

this image model to the real-world image data in the totastiea
square (TLS) sense, because the TLS formulation allows us to

take into account the uncertainties in the measured datadéAfe
velop a method to reduce the contribution from the irrelévam
age patches, which will sharpen the edges and reduce edfgetart

at the same time. Although the proposed algorithm is computa

tionally demanding, the image quality of the output imagede-
strates the effectiveness of the TLS algorithms.

1. INTRODUCTION

In real-world digital imaging devices, the images we areirint
ested in often are corrupted by device-specific noise. Basic
search in image denoising, therefore, would prove usefapfui-

cations such as low-light imaging and lossy compression OSM

and CCD sensors are two very important special cases of mgagi
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We develop a model relating the noisy image to an ideal im-
age in the total least squares (TLS) sense, taking into attbe
stochastic nature of the noise and allowing small pertishatin
the system. Furthermore, we develop a denoising algoritta t
while effective in removing noise of the form (2), removeg th
signal-dependent noise of the form (1).

This paper is organized as follows. In section 2, we present
our deterministic image model, and introduce the basicsL& T
denoising algorithm. Generalizations of the algorithmraegle in
section 3. In section 4 we compare results with the statheart
denoising algorithms.

2. TLS IMAGE DENOISING THEORY

In this section, we introduce the TLS image denoising thebits
basic level. In the image denoising problem, only the naisgge
data is observed. We develop an image model relating the nois
image to a clean image based on the TLS framework (sectign 2.1
We solve this TLS problem for the case that an image is coedlpt
by signal-dependent noise (section 2.2).

devices that suffer from noise. In CMOS sensors, we see afixed 2-1. Simple TLS Image Model

pattern noise, and a mixture of independent additive andi-mul
plicative Gaussian noise [13]:

z = s+ (ko + k15)0, 1)

whereko andk; are constants, anél ~ A(0,1). We indepen-
dently confirmed that (1) is a good noise model for AgilenthFec
nology’s consumer CMOS digital camera. While effective et
ods to remove fixed-pattern noise have been proposed [bopwe
ing noise of the form (1) proves difficult. Many papers in the |
erature, however, prefer a simpler noise model [6] [7] [§][[L]
[12]:

x = s+ kod. (2
Note that (2) is a special case of (1).
In the recent literature, statistical modeling of wavele¢fi-

cients has been popular [1] [4] [6] [8] [9] [11] [12]. The studf
inter-dependencies of wavelet coefficients across scgpeclly,

Suppose we are given an ideal clean imageand a noise cor-
rupted versiong. Letsy € R™ be animage patch from(i.e./mx
v/m vector cropped from an image) ajd; € R™}icq1,.. 0},
m > n + 1 be a collection of image patches franthat arerea-
sonably similar to sg. To find the relationship between and the
noisy image;, we would like to represen as a linear combina-
tion of {z; }:

S0 = Xa7 (3)

whereX = [z1,...,z,]. However, in general there is no sueh
that makes (3) true because ¢ span{z;}. Suppose we allow a
small perturbatiore in the system so that

so+eo = Xa. 4)

The vectora that that satisfies (4) with the smallest perturbation
eo in the L2 sense is commonly known as the least square (LS)
solution. However, the inherent flaw in the above systemas th

has gained strong momentum, and pair-wise processing of a co the perturbation is confined t@, even though there is noise ia.

efficient and its parent is common. While wavelets share some

behavioral characteristics with the neurological resparfsa hu-
man eye, in most cases the statistical modeling of wavebsts h
been derived heuristically.
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Instead, we propose to allow small perturbations in bath
and X:

so+eo=(X+ E)a. (5)

The vectorx satisfying (5) while minimizing|[Z, eo]||7 is known
as the total least square solution, denategs. Here,|| - || is



the Frobenius norm. In general, the perturbatiotXinmakes the
perturbation ins, smaller.

The solution to (5) is well documented [2] [5]. First, exam-
ine [X, so] using singular value decomposition (SVDY, so] =
UxVT wherex = diag(oi1,...,0n41), o > 0'1-2+1. Then

(6)

where[vi ni1, ..., Unt1,n+1)" is the left and right singular vec-
tors corresponding ta,,+1, respectively.

T —1
ams = —[V1,n415 -+, Unnt1] Uptintt

2.2. TLS Solution with Signal-Dependent Noise

The solution to (6) requires the knowledge of the clean ingedeh
so, but this is not available in a denoising problem. In thigisec
we develop a method to compuitgrs, where an image corrupted
by signal-dependent noise is given, ands not provided. More
specifically, assume (1). Defing as an image patch fromcor-
responding ta:;, and assumey € {s;}. Then

Ti = 8; + kod; + k‘ldiag(si)&, (7)

whered; € R™ is a noise vector, andiag(s;) is a diagonal matrix
whose diagonal entries are the entries of

We solve forars without so and taking into the account the
stochastic nature ;. Consider the following:

P =[X,s0]"[X,s0] = (UzV)T(UzvT) = ve?vT,

where[X, so] = UXV7 is SVD. Our strategy is to estimafeand
obtain the right singular vectds through its eigen decomposition.

Define£{-} as the expectation operator. Estimatiiés rather
simple. Whenm > n + 1, P = £{P}, so

P = £{[X, s0]" [X, s0]} (8)
[T E{XTXY E{XTso} ] [ Pxx STso
T E{sEX}  E{sdso} | | s8S  sdso
wherePx x = £{X7T X}. When we assume
o sa_d L i=7

Px x simplifies to:

Pxx =S8"S+mkil + k1) diag(siy,...,s0,)

=1

+ 2kok1 Z diag(siyl, ceey Siyn).

i=1

Whenm > n + 1, we can also approximafe’, s;,; asy_, xi j,
which is computable. Therefore, using the fact thatitediag-
onal entry ofS"S'is 1" | s7;, ST'S can be estimated using the
following procedure:

1. ComputePxx = XTX.

2. ComputePx x — k8m172k0k1 ZZ diag(:m,l, ey :El',n).

3. Multiply diagonal entries of Px x —kgmI) by (1+k%) "
STs0, s¢S and sy so can be estimated by taking the appropriate
rows and columns from the abo# S estimate. Therefore, the
matrix P is fully computable. The new.s is computed from (6),
where[vy ni1,. .., vnt1,n+1]" iS the eigen vector corresponding
to the smallest eigen value &f. Our best estimate for is o =
Xoars.

3. ENHANCEMENTS TO TLS IMAGE MODEL

In this section, we offer a number of different generalizasi to

the TLS image models developed in section 2. Given the page
constraints, the sections 3.1-3.4 give high-level detorip only.
Their mathematical details will be presented in sectionif3.a
combined form. In some cases, variables are redefined tchmatc
the improved behaviors of these generalized algorithms.

3.1. Affine Approximation

A variation to the TLS problem (5) using an affine approxiroati
model was solved by de Groen [2]. He showed i, ]||% =
02,4 is reduced greatly when the column-meangXf so] are
subtracted from their respective columns first, suggestibgtter
model fit. More specifically, instead of (5), we solve feiin the
following system that minimize$E, eo||-:

So+e=X+E)

whereso = so — 50, #; = z; — Z; (ith column ofX), andso, z; €
R are the average values of elementsdrandz;, respectively.

3.2. Image Patch Selection

In section 2.1, we described:; } as a collection of image patches
that arereasonably similar to so. In order for our image model
(5) to be effective, the sdtz;} must be chosen such that image
features insp are well captured. The first approach is to take the
v/m X y/m vectors cropped from the noisy imagein the spa-

tial vicinity of sq [7] (call this set{xﬁl)}). The second approach,
which is motivated by multi-resolution analysis and sétfitarity
properties in a natural image, is to take th@en x /m vectors
from a decimated image, in the spatial vicinity «f (call this set

{=”})
3.3. Adaptive Weights

There will inevitably be some image patcheg(irf "’} and{z >}
that resemble, in limited regions only. The use of the weighting
matrices can help aid the TLS denoising algorithm by giviragen
weight to the pixels that collectively describe the imagedtre
in the center region ofo. Let A = diag(ai,...,am),B =
diag(bi,...,bnt+1), AandB non-singular. The TLS image model
can be modified so that is chosen to satisfy (5) while minimizing
|A[E, eo] B||7 instead of|[E, eo] || Notice that4 (B) scales the
rows (columns) of £, eg].

Owing to the techniques developed for bilateral filtering][1
range distance metrics is used to determid@nd B adaptively:

ai = exp (—dista([zi1, ..., Tin), [Ten,. .., xc,n])2/l€A)
bo— 4 P (—distp(z;,20)*/kB), Vi<n
7 y Vji>n

where~, k4, kg are constantsjist 4 anddistp are range dis-
tance functions, an..1, . . ., z¢,] is the row inX corresponding
to the center pixel of/m x /m image patch. Intuitivelyg; and
b; measure the similarity between the pair of given vectorshén
results presented in this paper, we use:

dista(é,v) = 1o — Y|l
distp(p,¥) = [|[H(¢ — )],



. . defines;,5;,S similarly; letSy = [31,...,3,]. Let A[X, So|B =
Table 1 Denoising m_ethods evaluated using SSIM. USVT be SVD, where = diag(o1, ... onsp) ando? > o2,
Images corrupted by noise generated Ko, k1) Partitionl andV as
(25,0), (25,0.1), (25,0.2), respectively.

noisy |proposed  [9] [8] [11] 7 U= [th U] V= { Vii Vae } n
0.2734 | 0.8528 0.8514 0.8446 0.8397 0.8278 n p Var Vao p
Lena| 0.1784 | 0.8228 0.8169 0.8066 0.7989 0.7803 n . p

0.1301|0.7969  0.7790 0.7688 0.7483 0.7269 - -
0.4055] 0.8657 0.8420 0.8213 0.8379 0.8435 ' the value fon that minimizes| A[E, Eo] B while satisfy-
ng So+ Eg = (X + E)ais

Barbarp 0.2888 | 0.8079  0.7737 0.7396 0.7739 0.7765'

0.2181|0.7555 0.7073 0.6664 0.7081 0.7084 ams = —B1Vi2Vay ' By L. (11)

0.3494[0.7816  0.7856 0.7790 0.7724 0.7567 . .

Boats| 0.2293|0.7199  0.7275 0.7187 0.7085 0.6858WhereB: = diag(bi,...,bn), B2 = diag(bn+1,-- ., bntp).

0.1677 | 0.6742 0.6752 0.6668 0.6479 0.6218 Given the noisy image, the general TLS problem can still be

0.2799| 0.8378 0.8319 0.8293 0.8045 0.8131Solved withoutS,. To see this, consider

Housel 0.1818|0.8086 0.7981 0.7898 0.7649 0.7709 P — (ALX, 5] B)T (AR, So]B) = VS2VT.  (12)
0.1300| 0.7824 0.7609 0.7491 0.7156 0.7183

0.3542]0.8451 0.8427 0.8510 0.8171 0.8170Form > n+p, P~ E{P},and

Peppefs0.2472 | 0.8050  0.7955 0.8021 0.7608 0.7590

o
0.1887|0.7737 0.7514 0.7587 0.7053 0.7035 P = E{(A[X, 5]B)" (A[X, S0]B)}
0.6939]0.0030  0.9038 0.8922 0.9066 0.8897 _ | Pxx  sTA%s

F Print$ 0.5168 | 0.8469  0.8499 0.8302 0.8505 0.8278 =Bl grazg  srazs,

0.3920| 0.7779  0.7927 0.7588 0.7879 0.7498

where Pxx = £{XTA?X}. Let us assume (9), and that for
m > n+p, T; & 5;. ThenPx x simplifies to

where H = diag(h1,...,hm) andlhq,...,hx] is @ Gaussian

envelope centered at the center of {ffer x /m image patchH Pxx = STA%S + k2 Z a;diag(3iq,...,5.m)
is needed because > n is large. i=1
3.4. Redundant Estimation + diag((ko + k121)%, ..., (ko + k1Z5)?) (Z af)
=1
Let Sy = [s1,...,sp|, where{s;} is a collection of image patches _ o O .
from s. Then our new TLS system is modified as follows: Since thejth diagonal entry o™ A*S'is >, a7 57 ;, S” A*S can
be estimated using the following procedure:
So + Eo = (X + E)OL, (10) 1. ComputePXX = XTA2X.

. = \2 = \2 2
where the perturbatiofty is nowm x p, anda € R™*?. A ma- 2. ComputePx x —diag((ko+kiZ1)", .. ., (ko+k1Zn)") (3, ai)-
trix o satisfying (10) while minimizind|A[E, Eo]B||% is known 3. Multiply diagonal entries of matrix in step 2 oy + &7)~*.
as the TLS solution, denoteds. The solution to (10) is well  Thg firsty rows of $7 A2 is ST A2§, and the top-lefp x p sub-
documented [2] [5]. matrix of ST A%S is ST A%S,. Thus the matrixP is fully com-

Working with (10) has several advantages over (5). First, by putable. The newtr.s is computed from (11) wher¥ is given by

choosing to minimize the perturbation in multiple imagechas  the eigen decomposition df in (12). Our best estimate fd is
{s:} simultaneously, the algorithm becomes more robust against

noise. To see this, note tha{ E, Fy| B is rankp [5], which offers So = Xams +[1,...,1) [Zo, ..., &)
more freedom over the perturbation thafZ, eo] B allows. This
is in a sharp contrast to the analogous LS syst&my £y = Xa, 3.6. Pre-Processing

because the LS solution that minimizg8, || % will be no different

than if each columns of, were minimized independently. Sec- The effectiveness of the TLS denoising algorithm dependsusn
ond, assuming thatss , .. . , s, } were picked from the same region ~ ability to estimate” matrix accurately. Givedi ~ N/(0, 1), there

of the images, there will be overlapping regions in the denoised Will be one or two pixels occasionally that stand out becahse
image patches_ We benefit from this by Combining some or all of value ofé at that pixel pOSition is far greater than its standard de-

estimated pixel values that are available at each posiéth this viation. This is problematic because the entrieX(imppear more

technique, the edge artifacts are reduced and smooth esries than once, degrading our estimate fogreatly.

come significantly smoother, while the sharpness of the ®ége To work around this problem, we propose to prune the outliers

preserved. The following pre-processing procedure was used. For eixeh p
location inz,

3.5. Mathematical Details 1. Crop & x 5 vector fromz. We will call it y.

In this section, we develop a method to computes from an 2. Find theNth largest andVth smallest pixel values in.

image corrputed by signal-dependent noise that incorestath- 3. If the center pixel iny is larger (smaller) than théVth
niques in sections 3.1-3.4. We begin with (7) and (9). Define largest (smallest) pixel value i, replace the center pixel
T = (X, a2wi ;) /(X a2), &y = @i j—Tj, X = [#1,...,&nl; value with theNth largest (smallest) pixel value n



Fig. 1. Example cropped from “Lena” with noigéo, k1) = (25,0.1)

4. IMPLEMENTATION AND RESULTS

Our TLS algorithm is implemented witlm = 23 x 23 = 529,

n1 =5 x5 =25mn, =5 x5 =25, whereni, n, are the num-
bers of vectors ifz(* } and{z?}, respectively. The columns of

S, are the image patches incorresponding t({xl(.l)}. Eigen de-

composition ofP, which requiresD((2n1 + n2)?) operations, is

the most computationally intensive procedure in the atgori We
compared our method to works published recently [7] [8] [

Experiments are performed on well-known 8-bit gray-scal t

images. Parametets andk; were availablea priori to all algo-
rithms. In table 1, performance is evaluated using strattimi-
larity index (SSIM) [15], which is a better measure of imagelg

ity than PSNR. Because [7] [9] [8] [11] assume the noise model
(2), generalized homomorphic filtering is used to approxatya

decouple the noise from the signal [3] before denoisingneearse

filter is applied after denoising. SSIM values show that the p

posed method is comparable to the state-of-the-art dewggiséeth-
ods whenk; = 0, and is an improvement when # 0. Fig. 1
shows an example output whého, k1) = (25,0.1). The pro-
posed algorithm preserves the details of the feathers drethand

smoothes the homogeneous regions (e.g. cheeks and baa#tyrou

5. CONCLUSION

In this paper, a new image denoising algorithm based on Ttls te
nigues was presented. An ideal image patch was modeledras a li
ear combination of vectors cropped from the noisy image vead

fit the model to the real image data by allowing a small pegurb
tion in the TLS sense. A new technique to solve the TLS problem
without the knowledge of the ideal image patch when the imisge

corrupted by signal-dependent noise is developed. Thaibirtp

ages from the proposed algorithm showed improved imagétgual

when compared to recently published work. Future researtttid

field includes reduction of computational complexity and @ren

sophisticated weighting scheme.
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